Abstract. We describe the dimensions of low Hochschild cohomology spaces of exceptional periodic representation-infinite algebras of polynomial growth. As an application we obtain that an indecomposable non-standard periodic representation-infinite algebra of polynomial growth is not derived equivalent to a standard self-injective algebra.
Introduction and the main results
Throughout this paper, K will denote a fixed algebraically closed field. By an algebra we mean an associative, finite-dimensional K-algebra with identity, which we assume to be basic and indecomposable. For an algebra A, we denote by mod A the category of finite-dimensional right A-modules, and by D the standard duality Hom K (−, K) on mod A. An algebra A is called self-injective if A ∼ = D(A) in mod A, that is the projective modules in mod A are injective. Further, A is called symmetric if A and D(A) are isomorphic as A-A-bimodules. Two self-injective algebras A and B are said to be socle equivalent if the quotient algebras A/ soc(A) and B/ soc(B) are isomorphic.
For an algebra A, we denote by D b (mod A) the derived category of bounded complexes from mod A. Two algebras A and B are said to be derived equivalent if D b (mod A) and D b (mod B) are equivalent as triangulated categories. Recall that by the criterion by Rickard [36] two algebras A and B are derived equivalent if and only if B is the endomorphism algebra of a tilting complex over A. Since many interesting properties of algebras are preserved by derived equivalences, it is important to classify algebras up to derived equivalence.
For an algebra A, the syzygy operator Ω A on mod A is an important tool to construct modules and relate them. Recall that Ω A assigns to a module M in mod A the kernel Ω A (M ) of a projective cover of M in mod A. A module M in mod A is called periodic if Ω n A (M ) ∼ = M in mod A for some n ≥ 1, and if so the minimal such n is called the period of M .
An algebra A is defined to be periodic if it is periodic viewed as a module over the enveloping algebra A e = A op ⊗ K A, or equivalently, as an A-A-bimodule. If
A is a periodic algebra, then A is self-injective, and every nonprojective indecomposable module in mod A is periodic. We also note that periodicity of algebras is invariant under derived equivalence. Periodic algebras have interesting connections with group theory, topology, singularity theory, cluster algebras and mathematical physics. Periodic algebras include all nonsimple representation-finite self-injective algebras [19] , algebras of quaternion type [21] , weighted surface algebras [23] , preprojective algebras of Dynkin type [24] , deformed preprojective algebras of generalized Dynkin type [6] , and stable Auslander algebras of hypersurface singularities of Cohen-Macaulay type [20] . The classification of all periodic algebras up to isomorphism is an attractive open problem. For tame algebras one can apply techniques and results which have been obtained so far. Recall that an algebra A is tame if, for each positive integer d, all but finitely many isomorphism classes of ddimensional indecomposable modules come in in a finite number of one-parameter families [15, 18] . The algebra A is said to be of polynomial growth if there is a positive integer m such that for each positive integer d, there are at most d m such one-parameter families [43] . Moreover, A is representation-finite if mod A admits only a finite number of indecomposable modules up to isomorphism. For self-injective algebras, tameness, polynomial growth and representation-finiteness of algebras are invariant under derived equivalences. An important invariant of an algebra A is its Hochschild cohomology algebra HH * (A), which is the graded commutative K-algebra with respect to the Yoneda product (see [28, 29] for more details). We note that HH 0 (A) is the center C(A) of A, HH 1 (A) is isomorphic to the quotient space Der K (A, A)/ Der 0 K (A, A) of the space Der K (A, A) of K-linear derivations of A modulo the subspace Der 0 K (A, A) of inner derivations of A, and the vector spaces HH n (A), n ≥ 2, control deformations of A [27] . Moreover, H 2 (A, A) describes the Hochschild extensions of A by [47] . It follows from a theorem by Rickard [38] that, if A and B are derived equivalent algebras, then HH * (A) and HH * (B) are isomorphic as graded K-algebras. Moreover, if A is a periodic algebra, then HH * (A) is a noetherian graded algebra [40] . Let N (A) be the ideal generated by all homogeneous nilpotent elements, then the quotient algebra HH * (A)/N (A) of HH * (A) is isomorphic, as a graded algebra, to the polynomial algebra K[x] where the degree of x is the period of A [14] .
Recently, the periodic representation-infinite tame algebras of polynomial growth have been classified in [7] . By general theory, self-injective algebras split into two classes: the standard algebras which admit simply connected Galois coverings, and the remaining non-standard algebras. It follows from [7, Theorem 1.1] that the standard periodic representation-infinite algebras of polynomial growth are exactly the orbit algebras B/G of the repetitive categories B of tubular algebras B with respect to admissible infinite cyclic automorphism groups G of B. The non-standard periodic representation-infinite algebras of polynomial growth are socle deformations of the corresponding periodic standard algebras. Non-standard periodic representation-infinite algebras of polynomial growth occur only in characteristic 2 and 3 (see [12, 45] ), and every such an algebra Λ is a geometric socle deformation of exactly one periodic representation-infinite standard algebra Λ ′ of polynomial growth, called the standard form of Λ (see [9, 11, 45] ). We call these algebras Λ and Λ ′ exceptional periodic algebras of polynomial growth. We refer to Section 4 for bound quiver presentations of these algebras.
The main aim of this paper is to describe the dimensions of the Hochschild cohomology spaces HH n (Λ) and HH n (Λ ′ ) for n ∈ {0, 1, 2} of the exceptional periodic algebras Λ and Λ ′ of polynomial growth and derive the theorems below.
Theorem 1.1. Let Λ be a non-standard, representation-infinite periodic algebra of polynomial growth and Λ ′ the standard form of Λ. Then the following hold:
The analogue of the above theorem for the representation-finite self-injective algebras was established by Al-Kadi in [1] .
Since the dimensions of the Hochschild cohomology spaces are derived invariants, we obtain the following consequence of Theorem 1.1 and the theory of self-injective algebras of polynomial growth. Theorem 1.2. Let A be a standard self-injective algebra and Λ be a non-standard periodic representation-infinite algebra of polynomial growth. Then A and Λ are not derived equivalent.
For the symmetric algebras, the above theorem is a direct consequence of [7, Theorem 1.1] and the main result of [31] . The main working tool in [31] were socalled Külshammer ideals of the centers of algebras, which for symmetric algebras over algebraically closed fields of positive characteristic are derived invariants, this was shown by Zimmermann [48] . The analogues of the above theorem are valid for representation-finite self-injective algebras (see [1, 3, 30] ) and for representationinfinite non-periodic (domestic) self-injective algebras of polynomial growth (see [13, 30] ).
The paper is organized as follows. In Section 2 we present general results on bimodule resolutions of algebras, Hochschild extension algebras, and derived equivalences of algebras, needed for the proofs of the main results of the paper. Section 3 is devoted to the description of representation-infinite periodic algebras of polynomial growth and their Auslander-Reiten quivers. In Section 4 we introduce the exceptional periodic algebras of polynomial growth and describe their basic properties. In Sections 5, 6, 7, 8 we determine the dimensions of the low Hochschild cohomology spaces of the exceptional periodic algebras of polynomial growth and prove Theorems 1.1 and 1.2.
For general background on the relevant representation theory we refer to the books [4, 39, 41, 42, 46, 47] .
Preliminary results
Let A = KQ/I, where Q is a finite quiver and I is an admissible ideal in the path algebra KQ of Q over K (see [4, Chapter II] ). Let Q 0 be the set of vertices of Q. We denote by e i for i ∈ Q 0 , the associated complete set of pairwise orthogonal primitive idempotents of A, and by S i = e i A/e i rad A for i ∈ Q 0 , the complete family of pairwise non-isomorphic simple modules in mod A. Then P i := e i A for i ∈ Q 0 gives a complete set of pairwise non-isomorphic indecomposable projective right A-modules. The e i ⊗ e j , i, j ∈ Q 0 , form a set of pairwise orthogonal primitive idempotents of the enveloping algebra A e = A op ⊗ K A whose sum is the identity of A e , and consequently P (i, j) = (e i ⊗ e j )A e = Ae i ⊗ e j A, for i, j ∈ Q 0 , form a complete set of pairwise non-isomorphic indecomposable projective modules in mod A e (see [46, Proposition IV.11.3] ). The following result by Happel [28, Lemma 1.5] describes the terms of a minimal projective resolution of A in mod A e .
Proposition 2.1. Let A = KQ/I be a bound quiver algebra. Then there is in mod A e a minimal projective resolution of A of the form
where
There is no general recipe for the differentials d n , except the first three. Before describing the differentials d 0 , d 1 , d 2 , we recall an important property of the syzygy modules (see [46, Lemma IV.11.16] ). Lemma 2.2. Let A be an algebra. For any positive integer n, the module Ω n A e (A) is projective as a left A-module and also as a right A-module.
We describe now the start of the resolution in Proposition 2.1. We have
The homomorphism d 0 : P 0 → A in mod A e defined by d 0 (e i ⊗e i ) = e i for all i ∈ Q 0 is a minimal projective cover of A in mod A e . Let Q 1 be the set of arrows of the quiver Q. For an arrow α of Q, we denote by s(α) and t(α) the source and target of α. Recall also that, for two vertices i and j in Q, the number of arrows from i to j in Q is equal to dim K Ext 1 A (S i , S j ) (see [4, Lemma III.2.12] ). Hence we have
Then we have the following known fact. Lemma 2.3. Let A = KQ/I be a bound quiver algebra, and d 1 :
We will denote the homomorphism d 1 : P 1 → P 0 by d. For the algebras A we will consider, the kernel Ω 2 A e (A) of Ker d 1 will be generated, as an A-A-bimodule, by some elements of P 1 associated to a set of relations generating the admissible ideal I. Recall that a relation in the path algebra KQ is an element of the form µ = mr are paths in Q of length m r ≥ 2, r ∈ {1, . . . , n}, having a common source and a common target. Then the admissible ideal I is generated by a finite set of relations in KQ (see [4, Corollary II.2.9] ). In particular, the bound quiver algebra A = KQ/I is given by the path algebra KQ and a finite number of equalities n r=1 c r µ r = 0 given by a finite set of relations generating the ideal I. Consider the K-linear homomorphism ̺ : KQ → P 1 which assigns to a path α 1 α 2 . . . α m in Q the element
, where α 0 = e s(α1) and α m+1 = e t(αm) . The k-th term in the sum lies in the summand of P 1 corresponding to the arrow α k . Observe that ̺(α 1 α 2 . . . α m ) ∈ e s(α1) P 1 e t(αm) . Then, for a relation µ = n r=1 c r µ r in KQ lying in I, we have an element
where i is the common source and j is the common target of the paths µ 1 , . . . , µ r . The following lemma will be useful; we will leave the proof to the reader as it is straightforward. Lemma 2.4. Let A = KQ/I be a bound quiver algebra and d 1 : P 1 → P 0 the homomorphism in mod A e defined above. Then for any relation µ in KQ lying in I, we have d 1 (̺(µ)) = 0.
For an algebra A = KQ/I in our context, we will see that there exists a family of relations µ (1) , . . . , µ (q) generating the ideal I such that the associated elements
A e (A) = Ker d 1 . Moreover, we have
Ae s(µ (j) ) ⊗ e t(µ (j) ) A, and the homomorphism d 2 :
for j ∈ {1, . . . , q}, defines a projective cover d 2 :
e . We will abbreviate this homomorphism d 2 by R. In particular, we will have Ω 3 A e (A) ∼ = Ker R. To compute the dimensions of Hochschild cohomology spaces, we will use the following.
Proposition 2.5. Let A = KQ/I be a bound quiver algebra over K and
Then there are exact sequences in mod K of the forms
We present now some results applied in the proofs of our main results. The following two results are due to Rickard [38] . The following known result is also due to Rickard [37] .
Theorem 2.8. Let A and B be derived equivalent self-injective algebras. Then A and B are stably equivalent.
The next result is a consequence of the results proved by Krause and Zwara [33] .
Theorem 2.9. Let A and B be stably equivalent algebras. Then A is of polynomial growth if and only if B is of polynomial growth.
We end this section with the following known result (see [22, Theorem 2.9 ] for a proof).
Theorem 2.10. Let A and B be derived equivalent indecomposable algebras. Then A is a periodic algebra if and only if B is a periodic algebra. Moreover, if so then their periods coincide.
Periodic algebras of polynomial growth
We will now describe the indecomposable representation-infinite periodic algebras of polynomial growth and their Auslander-Reiten quivers.
The following classification result was established by the authors in [7, Theorem 1.1].
Theorem 3.1. Let A be a basic, indecomposable, representation-infinite self-injective algebra of polynomial growth over an algebraically closed field K. The following statements are equivalent:
(i) A is a periodic algebra; (ii) A is socle equivalent to an orbit algebra B/G for a tubular algebra B and an admissible infinite cyclic automorphism group G of the repetitive category B of B. Moreover, if K is of characteristic different from 2 and 3, we may replace in (ii) "socle equivalent" by "isomorphic".
In particular, we have the following consequence of the above theorem and the main result of [44] . (i) A is a standard periodic algebra; (ii) A is isomorphic to an orbit algebra B/G for a tubular algebra B and an admissible infinite cyclic automorphism group G of the repetitive category B of B.
Recall that the tubular algebras B are algebras of global dimension 2 with the Grothendieck groups K 0 (B) of ranks 6, 8, 9, or 10, corresponding to the tubular types (2, 2, 2, 2), (3, 3, 3) , (2, 4, 4) , or (2, 3, 6) , introduced by Ringel in [39] . The representation theory of tubular algebras is described in [39, Section 5] . If B is such an algebra, then the module category mod B of B may be thought of as a glueing of infinitely many module categories of the corresponding tubular algebras, obtained from B by iterated reflections (see [35, 44] ). The module category of B/G is then obtained via the push-down functor F λ : mod B → mod B/G (associated to the Galois covering F : B → B/G). This functor is dense by the density theorem of Dowbor and Skowroński [16, 17] . Then by a theorem of Gabriel [26] the Auslander-Reiten quiver Γ B/G of B/G is the orbit quiver Γ B /G of the AuslanderReiten quiver Γ B of B with respect to the induced action of G. Socle equivalent algebras have isomorphic Auslander-Reiten quivers. Hence, if A is an algebra as in Theorem 3.1, applying [35, 44] , we conclude that the Auslander-Reiten quiver Γ A of a periodic indecomposable representation-infinite self-injective algebra A of polynomial growth has the following clock structure
where * denote projective-injective modules, r ≥ 3, Q i−1 i = Q ∩ (i − 1, i) for any i ∈ {1, . . . , r}, and (a) for each i ∈ {0, 1, . . . , r − 1}, T A i is a P 1 (K)-family of quasi-tubes (the stable parts are stable tubes);
, have the same tubular type (2, 2, 2, 2), (3, 3, 3) , (2, 4, 4) , or (2, 3, 6) .
We also mention that the number of P 1 (K)-families of quasi-tubes in Γ A containing projective modules in controlled by the reflection sequence of tubular algebras given by a tubular algebra B and the generator of the admissible infinite cyclic automorphism group G of B with B/G being socle equivalent to A (see [5, 10, 11, 34, 35, 44] ).
Exceptional periodic algebras of polynomial growth
We introduce the exceptional periodic algebras of polynomial growth and describe their basic properties.
Consider the following family of bound quiver algebras
The following theorem describes the basic properties of the above algebras. are non-isomorphic, derived equivalent, standard symmetric algebras of tubular type (3, 3, 3) . ( Non-standard, basic, indecomposable, periodic representation-infinite self-injective algebras of polynomial growth occur only in characteristic 2 and 3 and are (socle) deformations of the corresponding standard self-injective algebras of tubular type, introduced above.
Consider the following family of bound quiver algebras Theorem 4.3. Let Λ be a basic, indecomposable, self-injective algebra. Then Λ is a non-standard algebra socle equivalent to a standard self-injective algebra of tubular type if and only if one of the following cases holds:
(i) K is of characteristic 3 and Λ is isomorphic to Λ 1 or Λ 2 ; (ii) K is of characteristic 2 and Λ is isomorphic to one of algebras
Moreover, we have the following consequence of Theorem 4.5. Let Λ be one of the algebras
Moreover, we have In the above notation, the algebra Λ ′ is called the standard form of the algebra Λ.
We also know whether or not a non-standard algebras as above is symmetric (see [7, Proposition 6.8 
]).
Proposition 4.6. The following statements hold.
(iii) Λ 9 is a weakly symmetric but not symmetric algebra. (iv) Λ 10 is not a weakly symmetric algebra.
The following describes the periods of the algebras in question, proved in [7, . (ii) For any λ ∈ K \ {0, 1}, Λ 3 (λ) is a periodic algebra of period 4.
is a periodic algebra of period 6. (v) Λ 10 is a periodic algebra of period 6.
Hochschild cohomology for tubular type (2, 2, 2, 2)
In this section we determine the dimensions of the low Hochschild cohomology spaces for the exceptional periodic algebras Λ ′ 3 (λ) and Λ 3 (λ) (in characteristic 2) of tubular type (2, 2, 2, 2).
Proof. It follows from the proof of [7, Proposition 7 .1] that A admits the first three terms in a minimal projective resolution in mod A
and the A-A-bimodule Ω
3
A e (A) = Ker R generated by the following elements in P 2 Γ 1 = σ(e 2 ⊗ e 1 ) − (e 1 ⊗ e 2 )γ − α(e 1 ⊗ e 1 ) + (e 1 ⊗ e 1 )α,
We fix also the following basis B = e 1 B ∪ e 2 B of the K-vector space A:
We shall show now that the equalities (i), (ii), (iii) hold.
Clearly, the center C(A) contains the identity and the socle soc(A) of A. Observe that any element in the radical rad A of A which does not have a component in soc(A) is of the form x = x 1 + x 2 , where
Then x commutes with α and β. Moreover, x commutes with σ and γ if and only if c 1 = d 1 . Hence, the center has the basis
over K, and consequently dim K HH 0 (A) = 6.
(ii) We will determine dim K HH 1 (A) using the exact sequence of K-vector spaces (see Proposition 2.5)
We have isomorphisms of K-vector spaces
Hom A e (P 1 , A) = e 1 Ae 1 ⊕ e 1 Ae 2 ⊕ e 2 Ae 1 ⊕ e 2 Ae 2 , and hence we obtain
In order to calculate dim K Hom A e (Ω A e (A), A), we identify Hom A e (Ω A e (A), A) with the K-vector space {ϕ ∈ Hom A e (P 1 , A) | ϕR = 0}. Let ϕ :
where α 0 = e 1 and β 0 = e 2 . We have the equalities
Hence, ϕ(R(e 1 ⊗ e 2 )) = 0 if and only if c 0 = d 0 and c 1 = d 1 . Similarly, we have the equalities
Hence, again ϕ(R(e 2 ⊗ e 1 )) = 0 if and only if c 0 = d 0 and c 1 = d 1 . Further, we obtain
Hence, ϕ(R(e 2 ⊗ e 2 )) = 0 if and only if
Finally, we have the equalities
Thus ϕ(R(e 1 ⊗ e 1 )) = 0 if and only if
Assume char(K) = 2. Then ϕ induces a homomorphism Ω A e (A) → A in mod A e if and only if
Hence dim K Hom A e (Ω A e (A), A) = 6. Therefore, we obtain
Hence dim K Hom A e (Ω A e (A), A) = 8. Therefore, we obtain
(iii) We will determine dim K HH 2 (A) using the exact sequence of K-vector spaces (see Proposition 2.5)
We have the equalities
Hence, ϕ(Γ 1 ) = 0 and ϕ(Γ 2 ) = 0 if and only if a 1 = b 1 and a 2 = b 2 . This shows
We note that we have always dim
Proposition 5.2. Let K be an algebraically closed field of characteristic 2 and
Proof. It follows from the proof of [7, Proposition 7.2] that A admits the first three terms in a minimal projective resolution in mod A
We use also the basis B = e 1 B ∪ e 2 B of the K-vector space A, defined in the proof of Proposition 5.1.
(i) As in the proof of Proposition 5.1 we infer that the center C(A) of A has the basis
(ii) We proceed as in the proof of the statement (ii) of Proposition 5.1. We have again dim K Hom A e (P 0 , A) = 8 and dim K Hom A e (P 1 , A) = 12. We determine now dim K Hom A e (Ω A e (A), A), identifying Hom A e (Ω A e (A), A) with ϕ ∈ Hom A e (P 1 , A) ϕR = 0 . Take a homomorphism ϕ : P 1 → A in mod A e , so ϕ is given by
with α 0 = e 1 and β 0 = e 2 , for some
Then, as in the proof of (ii) in Proposition 5.1, we have the equalities
since char(K) = 2. But for ϕ(R(e 1 ⊗ e 1 )) we have the equalities
because char(K) = 2 and σγ = α 2 + α 3 . Therefore, ϕ induces a homomorphism Ω A e (A) → A in mod A e if and only if
or equivalently,
Hence, we conclude that dim K Hom A e (Ω A e (A), A) = 6. Therefore, we obtain
(iii) We identify again Hom A e (Ω 2 A e (A), A) with the K-vector space
A e (A) = 0 .
because σγ = α 2 + α 3 and α 4 = 0. Similarly, we have
Hence, we conclude that ϕ(Γ 1 ) = 0 and ϕ(Γ 2 ) = 0 if and only if a 1 = b 1 and
Proposition 5.3. Let K be an algebraically closed field of characteristic 2, Λ = Λ 3 (λ) for some λ ∈ K \ {0, 1}, and A a standard self-injective algebra over K. Then A and Λ are not derived equivalent.
Proof. Assume that A and Λ are derived equivalent. Then it follows from Theorem 2.8 that A and Λ are stably equivalent, and hence the stable AuslanderReiten quivers Γ consists of stable tubes of rank 1 and 2. Further, by Theorems 2.9 and 2.10, A is a representation-infinite periodic algebra of polynomial growth, and hence is a standard self-injective algebra of tubular type (2, 2, 2, 2). Moreover, A is a symmetric algebra by Theorems 2.7 and 4.1. We also note that K 0 (A) is isomorphic to K 0 (Λ), and so K 0 (A) is of rank 2. Applying now [11, Theorem 1] we conclude that A is isomorphic to an algebra Λ ′ 3 (µ) for some µ ∈ K \ {0, 1}. On the other hand, it follows from Propositions 5.1 and 5.2 that dim K HH 2 (Λ) = 4 < 6 = dim K HH 2 (A), which contradicts Theorem 2.6. Therefore, A and Λ are not derived equivalent.
6. Hochschild cohomology for tubular type (3, 3, 3) In this section we determine the dimensions of the low Hochschild cohomology spaces for the exceptional periodic algebras of tubular type (3, 3, 3) . 
A e (A) generated by the following elements in P 2 Ψ
(i) One checks that the center C(A) of A has K-basis
Hom A e (P 0 , A) = e 1 Ae 1 ⊕ e 2 Ae 2 ,
Hom A e (P 1 , A) = e 1 Ae 2 ⊕ e 2 Ae 1 ⊕ e 2 Ae 2 , and hence we obtain
We identify Hom A e (Ω A e (A), A) with the K-vector space ϕ ∈ Hom A e (P 1 , A) | ϕR = 0 .
Let ϕ : P 1 → A be a homomorphism in mod A e . Then, using the basis B = e 1 B ∪ e 2 B of A, we conclude that there exist b 0 , b 1 , b 2 , c 0 , c 1 , c 2 , a 0 , a 1 , a 2 , a 3 
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 2 )αγ + βϕ(e 2 ⊗ e 2 )γ + βαϕ(e 2 ⊗ e 1 ) = a 0 βγ + (a 2 + b 1 + c 1 )βα 2 γ, ϕ R(e 2 ⊗ e 2 ) = ϕ(e 2 ⊗ e 2 )α + αϕ(e 2 ⊗ e 2 ) − ϕ(e 2 ⊗ e 1 )β − γϕ(e 1 ⊗ e 2 )
Hence, ϕ(R(e 1 ⊗ e 1 )) = 0 and ϕ(R(e 2 ⊗ e 2 )) = 0 if and only if
Assume char(K) = 3. Then a 2 + b 1 + c 1 = 0 and b 1 + c 1 = 2a 2 force a 2 = 0. Thus dim K Hom A e (Ω A e (A), A) = 6. Hence we get
Assume char(K) = 3. Then
(iii) We calculate dim K HH 2 (A) using the exact sequence of K-vector spaces (see Proposition 2.5)
+ γϕ(e 1 ⊗ e 1 )βγ − αγϕ(e 1 ⊗ e 1 )β
On the other hand, if char(K) = 3, we obtain
We note that we have always dim K HH 1 (A) = dim K HH 2 (A).
Proposition 6.2. Let K be an algebraically closed field of characteristic 3 and A be one of the algebras
Proof. We may assume, by Theorems 2.6 and 4.1, that A = Λ 1 . It follows from the proof of [7, Proposition 8.4 ] that A admits the first three terms in a minimal projective resolution in mod A
A e (A) generated by the following elements in P 2
We use the basis B = e 1 B ∪ e 2 B of A, defined in the proof of Proposition 6.1. We shall show now that the equalities (i), (ii), (iii) hold. (ii) We proceed as in the proof of Proposition 6.1. We have again dim K Hom A e (P 0 , A) = 8 and dim K Hom A e (P 1 , A) = 11. We calculate dim K Hom A e (Ω A e (A), A), identifying Hom A e (Ω A e (A), A) with the K-vector space {ϕ ∈ Hom A e (P 1 , A) | ϕR = 0}.
Let ϕ : P 1 → A be a homomorphism in mod A e . Then there exist elements b 0 , b 1 , b 2 , c 0 , c 1 , c 2 , a 0 , a 1 , a 2 , a 3 , a 4 ∈ K such that
ϕ(e 2 ⊗ e 1 ) = c 0 γ + c 1 αγ + c 2 α 2 γ, ϕ(e 2 ⊗ e 2 ) = a 0 e 2 + a 1 α + a 2 α 2 + a 3 α 3 + a 4 α 4 .
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 2 )αγ + βϕ(e 2 ⊗ e 2 )γ + βαϕ(e 2 ⊗ e 1 ) − ϕ(e 1 ⊗ e 2 )α 2 γ − βϕ(e 2 ⊗ e 2 )αγ − βαϕ(e 2 ⊗ e 2 )γ − βα 2 ϕ(e 2 ⊗ e 1 )
because βαγ = βα 2 γ and char(K) = 3. Similarly, we have ϕ R(e 2 ⊗ e 2 ) = ϕ(e 2 ⊗ e 2 )α + αϕ(e 2 ⊗ e 2 ) − ϕ(e 2 ⊗ e 1 )β − γϕ(e 1 ⊗ e 2 )
because char(K) = 3. Hence, we conclude that ϕ(R(e 1 ⊗ e 1 )) = 0 and ϕ(R(e 2 ⊗ e 2 )) = 0 if and only if
This implies that dim K Hom A e (Ω A e (A), A) = 6. Therefore, we obtain
(iii) We identify Hom A e (Ω 2 A e (A), A) with the K-vector space ϕ ∈ Hom A e (P 2 , A) | ϕ Ω 3 A e (A) = 0 . Recall also that P 2 = Ae 1 ⊗ e 1 A ⊕ Ae 2 ⊗ e 2 A. Take a homomorphism ϕ :
Then again we have the equalities ϕ(Ψ 1 ) = −ϕ(e 1 ⊗ e 1 )βγ + βγϕ(e 1 ⊗ e 1 ) + βϕ(e 2 ⊗ e 2 )αγ − βαϕ(e 2 ⊗ e 2 )γ 
Therefore, applying Theorem 2.6 again, we conclude that A and Λ are not derived equivalent.
We will describe now the dimensions of the low Hochschild cohomology spaces of Λ 9 . Proposition 6.4. Let K be an algebraically closed field of characteristic 2 and A = Λ 9 . Then
Proof. It follows from the proof of [7, Proposition 8.7 ] that A admits the first three terms of a minimal projective resolution in mod A
P (i, i),
R(e 2 ⊗ e 2 ) = ̺(ξε) = e 2 ⊗ ε + ξ ⊗ e 2 , R(e 3 ⊗ e 3 ) = ̺(γδ) = e 3 ⊗ δ + γ ⊗ e 3 , R(e 4 ⊗ e 4 ) = ̺(βα + εξ + δγ) = e 4 ⊗ α + β ⊗ e 4 + e 4 ⊗ ξ + ε ⊗ e 4 + e 4 ⊗ γ
A e (A) = Ker R generated by the following elements in P 2
+ γβα ⊗ βαδ,
We fix the following basis B = e 1 B ∪ e 2 B ∪ e 3 B ∪ e 4 B of the K-vector space A: e 1 B = {e 1 , α, αδ, αε, αδγ, αδγβ}, e 2 B = {e 2 , ξ, ξβ, ξδ, ξβα, ξβαε}, e 3 B = {e 3 , γ, γβ, γε, γβα, γβαδ}, e 4 B = {e 4 , β, ε, δ, βα, δγ, βαδ, δγε, δγβ, βαδγ}.
(i) The center C(A) of A has the K-linear basis 1, αδγβ, ξβαε, γβαδ, βαδγ ,
For calculations of dim K HH 1 (A) and dim K HH 2 (A) we use the first terms of the minimal projective resolution of A in mod A e described above. In particular, we have K-linear isomorphisms
(e i Ae 4 ⊕ e 4 Ae i ) and hence dim K Hom A e (P 0 , A) = 2 + 2 + 2 + 4 = 10, dim K Hom A e (P 1 , A) = 2 + 2 + 2 + 2 + 2 + 2 = 12.
(ii) We calculate dim K HH 1 (A) using the exact sequence of K-vector spaces
We identify Hom A e (Ω A e (A), A) with {ϕ ∈ Hom A e (P 1 , A) | ϕR = 0}. 
ϕ R(e 4 ⊗ e 4 ) = ϕ(e 4 ⊗ e 1 )α + βϕ(e 1 ⊗ e 4 ) + ϕ(e 4 ⊗ e 3 )γ + δϕ(e 3 ⊗ e 4 ) + ϕ(e 4 ⊗ e 2 )ξ + εϕ(e 2 ⊗ e 4 )
Hence, ϕR = 0 if and only if
Therefore, we conclude that dim K Hom A e (Ω A e (A), A) = 12 − 6 = 6. Then we get
A e (A)) = 0}. Let ϕ : P 2 → A be a homomorphism in mod A e . Then there exist elements a 1 , b 1 , a 2 , b 2 , a 3 , b 3 , a 4 , b 4 , c, d ∈ K such that ϕ(e 1 ⊗ e 1 ) = a 1 e 1 + b 1 ω 1 , ϕ(e 2 ⊗ e 2 ) = a 2 e 2 + b 2 ω 2 , ϕ(e 3 ⊗ e 3 ) = a 3 e 3 + b 3 ω 3 , ϕ(e 4 ⊗ e 4 ) = a 4 e 4 + b 4 ω 4 + cβα + dδγ, where ω 1 = αδγβ, ω 2 = ξβαε, ω 1 = γβαδ, ω 1 = βαδγ. Since the A-A-bimodule Ω 3 A e (A) is generated by the elements Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 , we have ϕ(Ω and only if ϕ(Ψ i ) = 0 for any i ∈ {1, 2, 3, 4}. Using char(K) = 2, we obtain the equalities
Hence, ϕ(Ψ i ) = 0 for all i ∈ {1, 2, 3, 4} if and only if a 2 + a 3 = 0, a 1 + a 3 = 0, a 1 + a 2 = 0, or equivalently a 1 = a 2 = a 3 . It follows that dim K Hom A e (Ω 2 A e (A), A) = 10 − 2 = 8. Therefore, we get
We note that the part (iii) of Proposition 6.4 corrects [2, Theorem 3.1].
Proof. (i) The center C(A) of A has the K-linear basis 1, αδγβ, ξβαε, γβαδ, βαδγ ,
The first three terms in a minimal projective resolution
of A in mod A e are as for the algebra Λ 9 , so we have
Hence, we conclude that there are K-linear isomorphisms
(e i Ae 4 ⊕ e 4 Ae i ), and then we get dim K Hom A e (P 0 , A) = 10 and dim K Hom A e (P 1 , A) = 12.
Moreover, according to the recipe described in Section 2, the differential R = d 2 :
R(e 2 ⊗ e 2 ) = ̺(ξε) = e 2 ⊗ ε + ξ ⊗ e 2 , R(e 3 ⊗ e 3 ) = ̺(γδ) = e 3 ⊗ δ + γ ⊗ e 3 , R(e 4 ⊗ e 4 ) = ̺(βα + εξ + δγ) = e 4 ⊗ α + β ⊗ e 4 + e 4 ⊗ ξ + ε ⊗ e 4 + e 4 ⊗ γ + δ ⊗ e 4 .
We also fix the following basis B = e 1 B ∪ e 2 B ∪ e 3 B ∪ e 4 B of the K-vector space A: (ii) We calculate dim K HH 1 (A) using the exact sequence of K-vector spaces
In order to compute dim K Hom A e (Ω A e (A), A) we identify Hom A e (Ω A e (A), A) with the K-vector space {ϕ ∈ Hom A e (P 1 , A) | ϕR = 0}. Let ϕ :
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 4 )β + αϕ(e 4 ⊗ e 1 ) = (a 2 + b 2 )αδγβ, ϕ R(e 2 ⊗ e 2 ) = ϕ(e 2 ⊗ e 4 )ε + ξϕ(e 4 ⊗ e 2 ) = (c 2 − d 2 )ξβαε, ϕ R(e 3 ⊗ e 3 ) = ϕ(e 3 ⊗ e 4 )δ + γϕ(e 4 ⊗ e 3 ) = (−g 2 + h 2 )γβαδ, ϕ R(e 4 ⊗ e 4 ) = ϕ(e 4 ⊗ e 1 )α + βϕ(e 1 ⊗ e 4 ) + ϕ(e 4 ⊗ e 2 )ξ + εϕ(e 2 ⊗ e 4 ) + ϕ(e 4 ⊗ e 3 )γ + δϕ(e 3 ⊗ e 4 )
Hence, ϕ factors through Ω A e (A) if and only if
Assume first that char(K) = 2. Then the equations are equivalent to
We may choose a 2 and c 2 , and then h 2 and g 2 are fixed. Then we may choose a 1 , c 1 , d 1 , h 1 arbitrarily, and get a unique homomorphism. Hence we obtain dim K Hom A e (Ω A e (A), A) = 6. Therefore, we get dim K HH 1 (A) = 5 + 6 − 10 = 1.
Assume now char(K) = 2. Then the last equality follows from the others. We can choose a 1 , a 2 , c 1 , c 2 , d 1 , g 2 , h 1 arbitrarily, and then get a unique homomorphism. Hence we obtain dim K Hom A e (Ω A e (A), A) = 7. Therefore, we get dim K HH 1 (A) = 5 + 7 − 10 = 2.
(iii) We calculate dim K HH 2 (A) using the exact sequence of K-vector spaces
We identify Hom A e (Ω
2
A e (A), A) with the K-vector space ϕ ∈ Hom A e (P 2 , A) ϕ Ω
3
A e (A) = 0 . We first indicate the A-A-bimodule generators of Ω 3 A e (A). Consider the following elements in P 2
Observe that ζ i ∈ e i P 2 e i for any i ∈ {1, 2, 3, 4}. Then a straightforward checking shows that R(ζ i ) = 0 for any i ∈ {1, 2, 3, 4}. We also note that the right A-modules ζ 1 A, ζ 2 A, ζ 3 A, ζ 4 A are isomorphic to the right A-modules e 1 A, e 2 A, e 3 A, e 4 A, and their socles contain linearly independent elements of P 2 αδγβ ⊗ αδγβ, ξβαε ⊗ ξβαε, γβαδ ⊗ γβαδ, βαδγ ⊗ βαδγ,
A e (A). Summing up, we conclude that
ϕ(e 4 ⊗ e 4 ) = a 4 e 4 + b 4 ω 4 + cβα + dδγ,
We have the equalities ϕ(ζ 1 ) = ϕ(e 1 ⊗ e 1 )αδγβ − αϕ(e 4 ⊗ e 4 )δγβ + αδϕ(e 3 ⊗ e 3 )γβ − αεϕ(e 2 ⊗ e 2 )ξβ − αδγϕ(e 4 ⊗ e 4 )β + αδγβϕ(e 1 ⊗ e 1 )
ϕ(ζ 2 ) = ϕ(e 2 ⊗ e 2 )ξβαε − ξϕ(e 4 ⊗ e 4 )βαε + ξβϕ(e 1 ⊗ e 1 )αε − ξδϕ(e 3 ⊗ e 3 )γε − ξβαϕ(e 4 ⊗ e 4 )ε + ξβαεϕ(e 2 ⊗ e 2 )
+ δϕ(e 3 ⊗ e 3 )γβα + βαϕ(e 4 ⊗ e 4 )δγ − δγϕ(e 4 ⊗ e 4 )βα
Hence, ϕ factors through Ω We note that dim K HH 2 (Λ Proposition 6.6. Let K be an algebraically closed field of characteristic 2, Λ the non-standard algebra Λ 9 over K, and A a standard self-injective algebra over K. Then A and Λ are not derived equivalent.
Proof. Assume that A and Λ are derived equivalent. Then it follows from Theorem 2.8 that A and Λ are stably equivalent, and hence the stable Auslander-Reiten quivers Γ s A and Γ s Λ are isomorphic. In particular, we conclude that Γ s A consists of stable tubes of ranks 1 and 3. Further, by Theorems 2.9 and 2.10, A is a representation-infinite periodic algebra of polynomial growth, and hence is a standard self-injective algebra of tubular type (3, 3, 3) . Moreover, Λ is not a symmetric algebra by Proposition 4.6. Hence, applying Theorem 2.7, we infer that A is not a symmetric algebra. We also note that the Grothendieck groups K 0 (A) and K 0 (Λ) are isomorphic, and then K 0 (A) is of rank 4. Therefore, A is an exceptional (in the sense of [10, 44] ) standard non-symmetric self-injective algebra of tubular type (3, 3, 3) . Applying [11, Theorem 1] and [12, Theorem 4.2] we conclude that A is isomorphic to the algebra given by the quiver
and the relations
We note that it is the canonical mesh algebra Λ(G 2 ) of Dynkin type (in the sense of [22, Secion 7] ), which has been shown in [20, Proposition 8 .1] to be a periodic algebra of period 3 (in characteristic 2). Therefore, since Λ = Λ 9 is periodic algebra of period 6, applying Theorem 2.10, we conclude that A and Λ are not derived equivalent. This also follows from Theorem 2.6 and the fact that dim K C(Λ) = 5 and dim K C(Λ(G 2 )) = 2.
Hochschild cohomology for tubular type (2, 4, 4)
Our first aim is to determine the dimensions of the low Hochschild cohomology spaces of the exceptional periodic algebras of tubular type (2, 4, 4).
Proof. We may assume, by Theorems 2.6 and 4.1, that A = Λ ′ 6 . It follows from the proof of [7, Proposition 9.1] that A admits the first three terms of a minimal projective resolution in mod A
3
A e (A) = Ker R generated by the following elements in P 2 Γ 12 = α ⊗ e 2 − e 1 ⊗ α + e 1 ⊗ γ,
We fix also the following basis B = e 1 B ∪ e 2 B ∪ e 3 B of the K-vector space A: e 1 B = {e 1 , α, αδ, αδγ, αδγβ}, e 2 B = {e 2 , β, δ, δγ, δγδ, δγβ, βα, βαδ, βαδγ}, e 3 B = {e 3 , γ, γβ, γδ, γδγ, γδγδ, γβα, γβαδ}.
We shall show now that the equalities (i), (ii), (iii) hold. (i) A direct checking shows that the center C(A) of A has the K-linear basis 1, (δγ) 2 + (γδ) 2 , αδγβ, βαδγ, γβαδ
Hom A e (P 0 , A) = e 1 Ae 1 ⊕ e 2 Ae 2 ⊕ e 3 Ae 3 ,
Hom A e (P 1 , A) = e 1 Ae 2 ⊕ e 2 Ae 1 ⊕ e 2 Ae 3 ⊕ e 3 Ae 2 , and hence we obtain dim K Hom A e (P 0 , A) = 2 + 4 + 4 = 10, dim K Hom A e (P 1 , A) = 2 + 2 + 3 + 3 = 10.
We identify Hom A e (Ω A e (A), A) with the K-vector space
and use the chosen basis B = e 1 B ∪ e 2 B ∪ e 3 B of A. Recall also that
Let ϕ :
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 2 )β + αϕ(e 2 ⊗ e 1 ) = (a 2
Assume char(K) = 2. We can choose a 1 , b 1 , b 2 , c 1 , c 3 , d 2 , d 3 arbitrarily, and then the other parameters are uniquely determined. Thus dim K Hom A e (Ω A e (A), A) = 7. Hence we get 
We identify Hom A e (Ω We note that we have always dim
Proposition 7.2. Let K be an algebraically closed field of characteristic 2 and A be one of the algebras
Proof. We may assume, by Theorems 2.6 and 4.1, that A = Λ 6 . It follows from the proof of [7, Proposition 9.4 ] that A admits the first three terms of a minimal projective resolution in mod A
A e (A) = Ker R generated by the following elements in P 2 ∆ 12 = α ⊗ e 2 + e 1 ⊗ α + e 1 ⊗ γ + αδγ ⊗ e 2 + e 1 ⊗ γδγ,
We shall use the basis B = e 1 B ∪ e 2 B ∪ e 3 B of A, defined in the proof of Proposition 7.1.
(i) The center C(A) of A has the K-linear basis {1, (δγ) 2 + (γδ) 2 , αδγβ, βαδγ, γβαδ}
(ii) We proceed as in the proof of Proposition 7.1. We have again dim K Hom A e (P 0 , A) = 10 and dim K Hom A e (P 1 , A) = 10. We use the same basis B = e 1 B ∪ e 2 B ∪ e 3 B of A as in the proof of Proposition 7.1.
Let ϕ : P 1 → A be a homomorphism in mod A e . Then
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 2 )β + αϕ(e 2 ⊗ e 1 ) − ϕ(e 1 ⊗ e 2 )δγβ
ϕ R(e 1 ⊗ e 3 ) = ϕ(e 1 ⊗ e 2 )δγδ + αϕ(e 2 ⊗ e 3 )γδ + αδϕ(e 3 ⊗ e 2 )δ + αδγϕ(e 2 ⊗ e 3 ) = 0, ϕ R(e 3 ⊗ e 1 ) = ϕ(e 3 ⊗ e 2 )δγβ + γϕ(e 2 ⊗ e 3 )γβ + γδϕ(e 3 ⊗ e 2 )β + γδγϕ(e 2 ⊗ e 1 ) = 0, ϕ R(e 2 ⊗ e 2 ) = ϕ(e 2 ⊗ e 1 )α + βϕ(e 1 ⊗ e 2 ) − ϕ(e 2 ⊗ e 3 )γδγ − δϕ(e 3 ⊗ e 2 )δγ − δγϕ(e 2 ⊗ e 3 )γ − δγδϕ(e 3 ⊗ e 2 )
It follows that dim K Hom A e (Ω A e (A), A) = 10 − 3 = 7. Therefore, we obtain
(iii) Let ϕ : P 2 → A be a homomorphism in mod A e . Then ϕ(e 1 ⊗ e 1 ) = a 1 e 1 + a 2 αδγβ, ϕ(e 2 ⊗ e 2 ) = b 1 e 2 + b 2 δγ + b 3 βα + b 4 βαδγ, ϕ(e 1 ⊗ e 3 ) = c 3 αδ, ϕ(e 3 ⊗ e 1 ) = d 3 γβ,
Recall that the A-A-bimodule Ω
A e (A) is generated by the elements ∆ 12 , ∆ 21 , ∆ 33 . We have the equalities ϕ(∆ 12 ) = αϕ(e 2 ⊗ e 2 ) + ϕ(e 1 ⊗ e 1 )α + ϕ(e 1 ⊗ e 3 )γ + αδγϕ(e 2 ⊗ e 2 ) + ϕ(e 1 ⊗ e 3 )γδγδ
ϕ(∆ 21 ) = βϕ(e 1 ⊗ e 1 ) + ϕ(e 2 ⊗ e 2 )β + δϕ(e 3 ⊗ e 1 ) + ϕ(e 2 ⊗ e 2 )δγβ
Hence, ϕ factors through Ω 
It follows that dim
Proposition 7.3. Let K be an algebraically closed field of characteristic 2, Λ one of the non-standard algebras Λ 4 , Λ 5 , Λ 6 , Λ 7 or Λ 8 over K, and A a standard self-injective algebra over K. Then A and Λ are not derived equivalent.
Proof. We know from Theorem 4.4 that the algebras Λ 4 , Λ 5 , Λ 6 , Λ 7 or Λ 8 are derived equivalent. Assume that A and Λ are derived equivalent. Then it follows from Theorem 2.8 that A and Λ are stably equivalent, and hence the stable Auslander-Reiten quivers Γ s A and Γ s Λ are isomorphic. In particular, we conclude that Γ s A consists of stable tubes of ranks 1, 2 and 4. Further, by Theorems 2.9 and 2.10, A is a representation-infinite periodic algebra of polynomial growth, and hence a standard self-injective algebra of tubular type (2, 4, 4) . Moreover, A is a symmetric algebra by Theorem 2.7 and Proposition 4.6. We also know that K 0 (A) is of rank 3. Applying now [11, Theorem 1] we infer that A is isomorphic to one of the algebras Λ 
8. Hochschild cohomology for tubular type (2, 3, 6) Our first aim is to determine the dimensions of the low Hochschild cohomology spaces of the exceptional algebras Λ ′ 10 and Λ 10 (in characteristic 2) of tubular type (2, 3, 6) .
Proof. It follows from the proof of [7, Proposition 10 .1] that A admits the first three terms of a minimal projective resolution in mod A
Moreover, the A-A-bimodule Ω
3
A e (A) = Ker R is generated by the following elements in P 2
We fix also the following basis B = e 1 B ∪ e 2 B ∪ e 3 B ∪ e 4 B ∪ e 5 B of the K-vector space A: We shall show now that the equalities (i), (ii), (iii) hold.
(i) A direct checking shows that the center C(A) of A has the K-linear basis 1, (δγ) 2 ,
(ii) We will determine dim K HH 1 (A) using the exact sequence of K-vector spaces (Proposition 2.5)
We have isomorphisms of K-vector spaces and hence we obtain dim K Hom A e (P 0 , A) = 4 + 2 + 2 + 1 + 1 = 10, dim K Hom A e (P 1 , A) = 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 = 16.
Let ϕ : P 1 → A be a homomorphism in mod A e . Then, using the basis B = e 1 B ∪ e 2 B ∪ e 3 B ∪ e 4 B ∪ e 5 B of A, we conclude that there exist c 1 , c 2 , c 3 , c 4 ,
ϕ(e 4 ⊗ e 2 ) = a 4 α + b 4 αξγ, ϕ(e 3 ⊗ e 4 ) = a 3 β + b 3 δσβ, ϕ(e 5 ⊗ e 3 ) = a 5 µ + b 5 µδσ, ϕ(e 2 ⊗ e 5 ) = a 2 η + b 2 ξγη.
Recall that P 2 = P (1, 1) ⊕ P (2, 3) ⊕ P (3, 2) ⊕ P (4, 5) ⊕ P (5, 4).
We have the equalities ϕ R(e 1 ⊗ e 1 ) = ϕ(e 1 ⊗ e 3 )δ + σϕ(e 3 ⊗ e 1 ) − ϕ(e 1 ⊗ e 2 )ξ − γϕ(e 2 ⊗ e 1 )
ϕ R(e 2 ⊗ e 3 ) = ϕ(e 2 ⊗ e 5 )µ + ηϕ(e 5 ⊗ e 3 ) − ϕ(e 2 ⊗ e 1 )σ − ξϕ(e 1 ⊗ e 3 )
Then ϕ factors through Ω A e (A) if and only if Now consider the equations for the a i and the c i We may choose c 1 , c 2 , c 3 arbitrarily, then c 4 is fixed, and as well a 2 + a 5 and a 3 + a 4 . We can choose a 2 and a 3 arbitrarily and then all remaining parameters are fixed by the equations. Hence the space has dimension 5.
Summing up, we conclude that dim K Hom A e (Ω A e (A), A) = 8 if char(K) = 2 and dim K Hom A e (Ω A e (A), A) = 9 if char(K) = 2. Therefore, we obtain
We may identify Hom A e (Ω 2 A e (A), A) with the K-vector space ϕ ∈ Hom A e (P 2 , A) | ϕ(ζ i ) = 0 for i ∈ {1, 2, 3, 4, 5} .
Let ϕ : P 2 → A be a homomorphism in mod A e . Then, using the basis B of A, we conclude that there exist c 1 , c 2 , c 3 , c 4 , c 5 
ϕ(e 4 ⊗ e 5 ) = c 4 αξγη, ϕ(e 5 ⊗ e 4 ) = c 5 µδσβ.
− γϕ(e 2 ⊗ e 3 )δσδ + γξγϕ(e 2 ⊗ e 3 )δ + σϕ(e 3 ⊗ e 2 )ξγξ − σδσϕ(e 3 ⊗ e 2 )ξ + γηϕ(e 5 ⊗ e 4 )αξ − σβϕ(e 4 ⊗ e 5 )µδ
ϕ(ζ 2 ) = ϕ(e 2 ⊗ e 3 )βαξγ − ξγϕ(e 2 ⊗ e 3 )βα + ηµϕ(e 3 ⊗ e 2 )ξγ − ηµδσϕ(e 3 ⊗ e 2 ) − ηϕ(e 5 ⊗ e 4 )αξγ + ξγηϕ(e 5 ⊗ e 4 )α + ξϕ(e 1 ⊗ e 1 )γξγ − ξγξϕ(e 1 ⊗ e 1 )γ = 0, ϕ(ζ 3 ) = ϕ(e 3 ⊗ e 2 )ξγηµ − δσϕ(e 3 ⊗ e 2 )ηµ − βϕ(e 4 ⊗ e 5 )µδσ + δσβϕ(e 4 ⊗ e 5 )µ − δϕ(e 1 ⊗ e 1 )σδσ + δσδϕ(e 1 ⊗ e 1 )σ + βαϕ(e 2 ⊗ e 3 )δσ − δσβαϕ(e 2 ⊗ e 3 ) = 0, ϕ(ζ 4 ) = ϕ(e 4 ⊗ e 5 )µδσβ − αϕ(e 2 ⊗ e 3 )δσβ − αξϕ(e 1 ⊗ e 1 )σβ + αξγϕ(e 2 ⊗ e 3 )β − αξγηϕ(e 5 ⊗ e 4 ) = 0, ϕ(ζ 5 ) = ϕ(e 5 ⊗ e 4 )αξγη − µϕ(e 3 ⊗ e 2 )ξγη + µδϕ(e 1 ⊗ e 1 )γη + µδσϕ(e 3 ⊗ e 2 )η − µδσβϕ(e 4 ⊗ e 5 ) = 0. − → A → 0 with P 0 = P (1, 1) ⊕ P (2, 2) ⊕ P (3, 3) ⊕ P (4, 4) ⊕ P (5, 5), P 1 = P (1, 2) ⊕ P (2, 1) ⊕ P (1, 3) ⊕ P (3, 1) ⊕ P (2, 5) ⊕ P (5, 3) ⊕ P (3, 4) ⊕ P (4, 2), P 2 = P (1, 1) ⊕ P (2, 3) ⊕ P (3, 2) ⊕ P (4, 5) ⊕ P (5, 4), the differential R = d 2 given by R(e 1 ⊗ e 1 ) = ̺ σδ − γξ − (σδ) 2 = e 1 ⊗ δ + σ ⊗ e 1 − e 1 ⊗ ξ − γ ⊗ e 1 − e 1 ⊗ δσδ − σ ⊗ σδ − σδ ⊗ δ − σδσ ⊗ e 1 , R(e 2 ⊗ e 3 ) = ̺(ηµ − ξσ) = e 2 ⊗ µ + η ⊗ e 3 − e 2 ⊗ σ − ξ ⊗ e 3 , R(e 3 ⊗ e 2 ) = ̺(βα − δγ) = e 3 ⊗ α + β ⊗ e 2 − e 3 ⊗ γ − δ ⊗ e 2 , R(e 4 ⊗ e 5 ) = ̺(αη) = e 4 ⊗ η + α ⊗ e 5 , R(e 5 ⊗ e 4 ) = ̺(µβ) = e 5 ⊗ β + µ ⊗ e 4 .
Moreover, the A-A-bimodule Ω 3
A e (A) = Ker R is generated by the following elements in P 2 Ψ 1 = e 1 ⊗ (σδ) 2 + σδ ⊗ γξ + (σδ) 2 + (σδ) 2 ⊗ e 1 + γ ⊗ δσδ + γξγ ⊗ δ + σ ⊗ ξγξ + σδσ ⊗ ξ + γη ⊗ αξ + σβ ⊗ µδ + (σδ) 2 ⊗ σδ + σδσ ⊗ ξγξ, Ψ 2 = e 2 ⊗ βαξγ + ξγ ⊗ βα + ηµ ⊗ ξγ + ηµδσ ⊗ e 2 + η ⊗ αξγ + ξγη ⊗ α + ξ ⊗ γξγ + ξγξ ⊗ (γ + γξγ) + ξγξ ⊗ γξγ, Ψ 3 = e 3 ⊗ ξγηµ + δσ ⊗ ηµ + β ⊗ µδσ + δσβ ⊗ µ + δ ⊗ σδσ + δσδ ⊗ σ + βα ⊗ δσ + δσβα ⊗ e 3 , Ψ 4 = e 4 ⊗ µδσβ + α ⊗ δσβ + αξ ⊗ σβ + αξγ ⊗ β + αξγη ⊗ e 4 , Ψ 5 = e 5 ⊗ αξγη + µ ⊗ ξγη + µδ ⊗ γη + µδσ ⊗ η + µδσβ ⊗ e 5 .
We use also the basis B = e 1 B ∪ e 2 B ∪ e 3 B ∪ e 4 B ∪ e 5 B of the K-vector space A, defined in the proof of Proposition 8.1.
(i) A direct checking shows that the center C(A) of A has the K-linear basis 1, (δγ) 2 , and hence dim K HH 0 (A) = dim K C(A) = 2.
(ii) We determine dim K HH 1 (A) using the exact sequence of K-vector spaces 0 → HH 0 (A) → Hom A e (P 0 , A) → Hom A e Ω A e (A), A → HH 1 (A) → 0.
We have dim K Hom A e (P 0 , A) = 10, dim K Hom A e (P 1 , A) = 16, as in the proof of Proposition 8.1. Recall that the differential R = d 2 : P 2 → P 1 is given by R(e 1 ⊗ e 1 ) = e 1 ⊗ δ + σ ⊗ e 1 − e 1 ⊗ ξ − γ ⊗ e 1 − e 1 ⊗ δσδ − σ ⊗ σδ − σδ ⊗ δ − σδσ ⊗ e 1 , R(e 2 ⊗ e 3 ) = e 2 ⊗ µ + η ⊗ e 3 − e 2 ⊗ σ − ξ ⊗ e 3 , R(e 3 ⊗ e 2 ) = e 3 ⊗ α + β ⊗ e 2 − e 3 ⊗ γ − δ ⊗ e 2 , R(e 4 ⊗ e 5 ) = e 4 ⊗ η + α ⊗ e 5 , R(e 5 ⊗ e 4 ) = e 5 ⊗ β + µ ⊗ e 4 .
Let ϕ : P 1 → A be a homomorphism in mod A e . Then, as in the proof of Proposition 8.1, we have We may choose c 1 , c 3 , a 2 and a 3 , and then the remaining parameters are fixed by the equations. Summing up, we see that dim K Hom A e (Ω A e (A), A) = 8. Therefore, we conclude that dim K HH 1 (A) = 2 + 8 − 10 = 0.
(iii) We may identify Hom A e (Ω
2
A e (A), A) with the K-vector space ϕ ∈ Hom A e (P 2 , A) | ϕ(Ψ i ) = 0 for i ∈ {1, 2, 3, 4, 5} . Proposition 8.3. Let K be an algebraically closed field of characteristic 2, Λ the non-standard algebra Λ 10 over K, and A a standard self-injective algebra over K. Then A and Λ are not derived equivalent.
Proof. Assume that A and Λ are derived equivalent. Then it follows from Theorem 2.8 that A and Λ are stably equivalent, and hence the stable Auslander-Reiten quivers Γ s A and Γ s Λ are isomorphic. In particular, we conclude that Γ s A consists of stable tubes of ranks 1, 2, 3 and 6. Further, by Theorems 2.9 and 2.10, A is a representation-infinite periodic algebra of polynomial growth, and hence is a standard self-injective algebra of tubular type (2, 3, 6) . Moreover, the Grothendieck groups K 0 (A) and K 0 (Λ) are isomorphic, and then K 0 (A) is of rank 5. Then it follows from [34, Theorem 5.4 ] that A is either isomorphic to Λ ′ 10 or to the preprojective algebra P (A 5 ) of Dynkin type A 5 given by the quiver
and the relations αβ = 0, βα = δγ, γδ = σξ, ξσ = ηµ, µη = 0.
It is known that P (A 5 ) is a periodic algebra of period 6 (see [24, 2.10] Therefore, applying Theorem 2.6 again, we conclude that A and Λ are not derived equivalent.
